We study N = (0, 2) deformed (2,2) two-dimensional sigma models. Such heterotic models were discovered previously on the world sheet of non-Abelian strings supported by certain four-dimensional N = 1 theories. We study geometric aspects and holomorphic properties of these models, and derive a number of exact expressions for the β functions in terms of the anomalous dimensions analogous to the NSVZ β function in four-dimensional gauge theories. Instanton calculus provides a straightforward method for the derivation verified at two loops by explicit calculations. Obtained two-loop anomalous dimensions give an explicit expression for one of the β functions valid to three loops. The fixed point in the ratio of the couplings found previously at one loop is not shifted at two loops. We also consider the N = (0, 2) supercurrent supermultiplet (the so-called hypercurrent) and its anomalies, as well as the "Konishi anomaly." This gives us another method for finding exact β functions. We prove that despite the chiral nature of the models under consideration quantum loops preserve isometries of the target space.
Introduction
Heterotically deformed N = (0, 2) sigma models to be considered below emerged as low-energy world sheet theories on non-Abelian strings supported in some N = 1 four-dimensional Yang-Mills theories [1, 2] (for a recent review see [3] ). In this case in particular the target space was CP(N −1) but the heterotic modification could be considered for a wide class of the Kähler manifolds. The heterotic models, although remaining largely unexplored, appear to be important in various problems. Some previous results can be found in [4] [5] [6] [7] [8] , for a general discussion of (0,2) models see [9] [10] [11] [12] [13] . A renewed interest is also due to the recent publications [14] [15] [16] . Here we report further results in the study of geometric structure, holomorphic anomaly and exact β functions in these models.
Heterotic N = (0, 2) models have a rich mathematical structure. In perturbation theory two-dimensional N = (0, 2) models were shown to share some features with N = 1 super-Yang-Mills theories in four dimensions (e.g. [6] ). They are asymptotically free in the ultraviolet (UV), have different phases in the infrared (IR), and admit large-N solution [7, 8] . These facts can be interpreted within 4D-2D correspondence (e.g. [1, 2] ) and the Dijkraaf-Vafa-type deformation. The same correspondence was noted in more general 4D-2D coupled systems, the study of which requires a thorough knowledge of the two-dimensional side. A number of insights were obtained from string theory, see [12, 13] . However, considerations of (0,2) models in quantum field theory are scarce. In particular, beyond chiral operators, nothing was explored until quite recently.
Two-dimensional sigma models present a natural playground for geometric explorations. They encode the geometry of the target space, that of the world sheet, and the geometry of various moduli spaces. Essentially everything is known for the undeformed N = (2, 2) models. With N = (0, 2) supersymmetry, one can test the robustness of the target space geometry -whether or not quantization provide us with some kind of geometrical deformation. In particular, the models we will consider have both, isometries and a global symmetry realized in a nontrivial way. The interplay between geometry and quantum effects could be enlightening on both sides.
Finally, implications of current algebra in N = (0, 2) theories were discussed more than once. While the general structure is known [17, 18] , explicit examples of how these current-algebraic relations are implemented in particular models and what they imply for quantization were not worked out. We emphasize that the current algebra calculation and the renormalization group (RG) flow of the theory are intertwined [19] , and, hence, it is possible to formulate the current algebra as a way to uncover renormalization of a given theory. Moreover, the supercurrent supermultiplet (to be referred to as hypercurrent) starts from the U(1) R current; therefore the overall anomaly is determined by the index theorem for the appropriate Dirac operator.
To explain the nature of heterotic modifications let us start with reminding geometry of unmodified N = (2, 2) sigma models. It was pointed out by Zumino [20] that the target space of these models should have the Kähler geometry. Moreover, to be characterized just by one coupling g, it should be a symmetric space which can be described as a homogeneous space G/H for a Lie group G and the stabilizer H. For the projective CP(N −1) space G = SU(N) and H = S (U(N −1) × U(1)). It is a particular case of Grassmannian spaces SU(n + m)/SU(n) × SU(m) × U(1) (see, e.g., [21] for a full list of the symmetric Kähler spaces).
In these homogeneous spaces the Ricci tensor R ij is proportional to the metric G ij ,
This feature is a definition of the Einstein spaces. The constant b is equal to the dual Coxeter number T G for the group G., The same constant b = T G defines the β function β N=(2,2) (g) = µ dg 4) which is exhausted by one loop [21, 22] in the (2,2) theories.
To diminish the number of supercharges from 4 in N = (2, 2) to 2 in N = (0, 2) one needs to break partially a partnership between bosonic and fermionic fields. In the (2,2) case each bosonic field φ i has two fermion partners, right-and left-movers, ψ i R and ψ i L . A simple way to diminish supersymmetry to (0,2) is just to discard all ψ i R . Such chiral models, which can be called minimal, generically suffer from internal diffeomorphism anomaly [23, 24] . The existence of this anomaly is due to the fact that the first Pontryagin class p 1 of the manifold does not vanish. The only exception from the entire CP(N −1) series is CP(1) which is free from this anomaly having vanishing p 1 . On the other hand, CP(1) has nonvanishing first Chern class c 1 which leads to a problem in its gauged formulation. Still, the theory can be made consistent by deleting one point in its target manifold [25] .
1 See also the discussion in [26] . In this paper we do not consider minimal (0,2) models.
In the approach to N = (0, 2) gauge theories in 2D developed in In Refs. [15, 16 ] N = (0, 2) the matter content was chosen in a way that leads to cancellation of anomalies.
Our study is focused on a different heterotic modification. Namely, instead of deleting right-moving fermions ψ i R , one extra right-mover ζ R is added to the content of the (2,2) theory. A new coupling which mixes ζ R and ψ i R in the background of the bosonic field leads to breaking of the (2,2) supersymmetry to (0,2). In contrast to the minimal (0,2) models this heterotic coupling can be switched on perturbatively. Together with the singlet nature of the extra field ζ R it is sufficient to show the absence of the internal anomaly problem.
Thus, our task in the present paper is to analyze the heterotically deformed (nonminimal) N = (0, 2) models. We present a more complete geometric formulation of the class of nonminimal models which will be studied in this paper. Holomorphic properties of such models are revealed. They have two coupling constants, the original g and the heterotic h . Correspondingly, there are two β functions. As in four-dimensional Yang-Mills [19] , we have to differentiate between the holomorphic coupling constants which are renormalized at most at one loop, and their nonholomorphic counterparts. The latter appear in conventional perturbation theory and are sometimes referred to as canonic.
We calculate both β functions in more than one way. In particular, we derive exact relations between the β functions and the anomalous dimensions γ, analogous to the NSVZ relations in four-dimensional N = 1 gauge theories [27] using the instanton calculus. For instance, for β g it will be shown that to all orders in perturbation theory 5) where γ ψ R , γ ζ are the anomalous dimensions of the ψ R , ζ R fields. We compute the anomalous dimensions up to two loops implying prediction for three loops in β g . Our two-loop results for anomalous dimensions also confirm the fact that there exists a fixed point for the ratio ρ ≡ h 2 /g 2 . The critical value ρ c depends on a manifold geometry and equals to 1/2 for CP(N −1) [5] . At this point three-loop β g reduces to 6) i.e., to the one-loop expression up to the factor 1/(1 − (h 2 /4π)). Then we prove that despite the chiral nature of the model all (2,2) isometries of the target space are preserved by the heterotic (0,2) modification. A feature which differentiate the model from other (0,2) theories and allows for a simple proof is that the extra chiral fermion is a singlet of the the group G in the symmetric G/H space.
Finally, we consider the N = (0, 2) supercurrent supermultiplet (hypercurrent) and its anomalies, as well as the "Konishi anomaly" [28] . This gives us another method for finding the exact expression for β g via anomalous dimensions.
2 Heterotic N = (0, 2) models in 2D
Formulation of the model
We start to describe the model to be studied in this paper by introducing two types of chiral N = (0, 2) superfields A and B. The first, bosonic superfield A describes a chiral supemultiplet which on mass shell consists of a complex bosonic field and a left-moving Weyl fermion,
Here x R,L are light-cone coordinates x R,L = t ± x and θ is the one-component Grassmann variable corresponding to θ R (see Appendix A for our notation). The second, fermonic superfield B refers to the Fermi supermultiplet which on mass shell contains only the right-moving fermion (F is an auxiliary field),
Note that in the nonlinear formulation here, the fermionic multiplets are taken to be chiral in a strict sense. In the N = (0, 2) gauged formulation this condition can usually be relaxed. Note also that the N = (2, 2) chiral field Φ(
3)
The N = (0, 2) supersymmetry transformations are as follows:
where
The undeformed N = (2, 2) model in terms of the N = (0, 2) superfields (2.1) and (2.2) contains equal number of bosonic A i and fermionic B i superfields. In the particular case of CP(N −1) we have i = 1, 2, ..., N − 1.
The heterotic deformation to be considered below is induced by adding a singlet fermionic superfield B,
The Lagrangian can be written as
Here κ is the new coupling constant defining the heterotic modification, K is the Kähler potential viewed as a function of the bosonic superfields. By definition
Moreover, G ij is the metric on the target space,
Two Z factors (for the fields B i and B) are introduced in (2.6), in anticipation of their renormalization group (RG) evolution. In the CP(N −1) model
see Eq. (2.13) for the other metric objects.
One can check that the above Lagrangian is target-space invariant. However, the target-space invariance is implicit in Eq. (2.6) because K i (A, A † ) is not explicitly target-space invariant. It becomes explicit upon passing to the integration over the Grassmann half-space in the first line of Eq. (2.6),
The F-term structure G ij (DA †j )i∂ R A i in the first line is an analog of that for the gauge term W α W α in 4D gauge theories, while another F-structure, G ij (DA †j ) BB i , is an analog of superpotential in 4D. The chiral nature of these terms plays a crucial role in their renormalization. Of course, the second line can also be written as an integral over the Grassmann half-space, so that the Lagrangian takes the form
(2.10)
In the chiral superfield integrand F the second line of (2.9) produces the derivative term with D which is not protected under renormalization. The target space invariance is also transparent if one rewrites the Lagrangian in components,
The first line in this equation refers to the undeformed N = (2, 2) theory, the subsequent terms bring in the (0,2) deformation.
Actually all the above equations are applicable to the heterotic deformation of any Kähler manifold. In the particular case of CP(N −1) the explicit expression for the Fubini-Study metric and related objects are of the form,
12) 
Geometry of heterotic deformation
Here the metric G 
14)
The potential T ik is not uniquely defined but its curvature
is a good object. This curvature defines the chiral form for the heterotic modification,
In the model at hand the nonvanishing components of H ikj
are expressed via the metric tensor G ij . It looks even simpler for
The chiral field F in Eq. (2.10) which defines the total Lagrangian, L = Re dθF , can be rewritten in the following generic form:
In differential geometry the heterotic construction presented above can be described as an action of the C * one-dimensional algebra on the odd tangent vector bundle.
2 Note that there is a diagonal U(1) which rotates B i and B in the opposite directions.
The consideration above is applicable to modifying any Kähler manifold, we are not limited to CP(N −1). What is less clear, whether or not it is possible to add more right-moving fermions so that the extra fermionic bundle is not just T C. To this end a three-form H consistent with the target-space invariance should exist. We are not aware of such generalizations.
Holomorphy and its breaking
The deformed (0,2) theory contains four bare parameters:
The first two, 1/g 2 and κ/g 2 , enter as coefficients of the F terms in Eq. (2.9) and can be taken to be complex, while parameters Z and Z should be real. The imaginary part of 1/g 2 defines the vacuum θ angle, Im(1/g 2 ) = θ/4π , while the phase of (κ/g 2 )
produces an addition to this θ angle. These angles do not contribute to physical effects due to the presence of massless fermionic fields whose phase can be redefined. Nonrenormalization of superpotential (i.e. the κ term in (2.9)) implies the absence of loop corrections to the holomorphic coupling κ/g 2 , and, in particular, the absence of its running,
This means that the curvature H ikj is the renormalization group invariant tensor with no higher-loop corrections. For a detailed derivation of the nonrenormalization theorem see Ref. [4] . The situation is more complicated for the "main" coupling 1/g 2 appearing in the target space metric. The coupling in the bare Lagrangian (i.e. at M uv ) is holomorphic. This means that it can receive only one-loop renormalization, implying one-loop β function. Much in the same way as in four-dimensional N = 1 Yang-Mills theory the holomorphic anomaly showing up in loops defies this theorem. The coupling constant the running of which is calculated in conventional perturbation theory is nonholomorphic. For the time being let us denote it by square brackets 1/[g 2 ], as in [19] . In N = (2, 2) sigma models there is no holomorphy violation, and 1/g 2 and
In other words, in the undeformed (2,2) theory, i.e. at κ = 0, the holomorphicity of 1/g 2 is maintained. It implies that only one-loop running of 1/g 2 is allowed, higher loops are absent. In the 4D case this phenomenon is also known in N = 2 gauge theories. With less supersymmetry, i.e. in N = 1 gauge theories in 4D, holomorphicity is broken. It happens usually at two-loop level but in certain cases appears already at the level of the first loop, see Refs. [29, 30] . Likewise, our κ term leads to breaking of holomorphicity for 1/g 2 . This happens at the level of the first loop. More specifically, the first loop provides a finite |κ| 2 correction to 1/g 2 which then leads to the nonholomorphic running of g 2 in the second loop. Iteration in κ involves integration over the quantum ζ R and ψ R fields in the form of a polarization operator, see Fig. 1 . The polarization operator Π RR is defined as
where S ζ and S ψ R are the propagators of ζ and ψ R fields in the background of the bosonic field φ. Referring to the Appendix B for details of calculation we give here the result for Π RR , Let us emphasize that there is no ambiguity in the chiral fermion loop for Π RR due to its nonzero Lorentz spin. Generally speaking, the polarization operator Π µν can contain local terms such as g µν or ǫ µν . These terms have zero Lorentz spin and do not contribute to Π RR . Note also that in Eq. (2.24) the ordering of operators is not important because we neglect by
Additional terms with this commutator are infrared ones and do not contribute to the running of couplings we are after.
In Appendix B we also explore an alternative derivation through a relevant UV regularization via modification of the propagator for the ζ fermion. The result for Π RR is the same.
The fermion loop of Fig. 1 then results in the following addition to the action,
(2.25) Here we used the relation 26) which makes the expression for the heterotic correction ∆ κ L to the original bosonic Lagrangian local,
The resulting correction to the metric ∆G ij can be rewritten in a more geometrical form in terms of the curvature H ikj , 28) where the indices in H = H * are raised by the G (B)ij metric tensor (inverse to G (B) ij defined in (2.14)). Equation (2.27) clearly demonstrates the breaking of holomorphicity by the fermion loop depicted in Fig. 1 . This loop is also related to the axial anomaly in the fermionic current. Indeed, as demonstrated in Appendix B, while classically
Correspondingly we claim the absence of higher-loop corrections to Eq. (2.27).
From the above considerations we see that perturbation theory is governed by two real couplings, [g 2 ] and a real nonholomorphic combination
We will also use the ratio ρ of the couplings,
It is convenient to rewrite Eq. (2.32) as 1 33) where the holomorphic coupling (i.e. renormalized only at one loop) on the left-hand side is presented as a combination of two nonholomorphic terms.
3 Beta functions
Generalities
Considering two couplings, [g 2 ] and h 2 , introduced above, as functions of the UV cutoff M uv we define two β functions:
3 Strictly speaking this divergence is not vanishing classically but additional terms do not contribute to Π RR . 4 The definition of h 2 in this paper corresponds to γ 2 g 4 in [2] . The reason for this rescaling of the deformation parameter compared to [2] is that g 2 and h 2 as defined here are the genuine loop expansion parameters.
In what follows we will use also the β function for ρ, see Eq. (2.31),
We will omit below the square brackets in [g 2 ] dealing with the 1PI definition of couplings.
As was discussed above nonrenormalization of the superpotential in Eq. (2.9) implies that the ratio κ/g 2 does not depend on M uv , see Eq. (2.22). This equation can be rewritten as
where the anomalous dimension γ is defined as
This fixes the β function for h 2 in terms of the β function for g 2 and the sum of the anomalous dimensions for B i and B fields,
For β ρ we get
Beta functions at one loop
The relations (3.5) and (3.6) are exact to all loops. At the one-loop level all β functions and anomalous dimensions have been calculated earlier [4, 5] :
The results are for the Kähler manifolds of the complex dimension d, which are homogeneous spaces G/H, and T G is a dual Coxeter number of the group G. It is a straightforward generalization of calculations of Refs. [4, 5] , where the CP(N −1) sigma model was considered, for which d = N − 1 and
An interesting feature of these one-loop results is that they exhibit a fixed point at ρ = ρ c = T G /2(d + 1), which becomes ρ c = 1/2 for CP(N −1). At this point
In terms of the geometrical interpretation we can present all one-loop results as corrections to the bosonic metric G ij , and to the right-moving fermion extended metric G (B) ij . These one-loop corrections are
(3.10)
As mentioned above there are no loop corrections of any order to the heterotic curvature tensor H ikj . Let us parenthetically note that the parameter (κ/g 2 ) is related to δ introduced in [2, 7, 8] , where the large N solution for CP(N −1) was constructed. Namely,
(see the erratum to [8] ). The δ parameter appears as the coefficient in a superpotential, see Eq. (C5) in [8] , and, as such, is also complexified. In [8] it is shown that the physical parameter determining (0,2) deformation is 12) implying that (a) u is proportional to κ 2 /g 4 and, hence, is renormalization group invariant, as was expected; (b) at large N the physical parameter u scales as N 
Beyond one loop from instanton calculus
In this section we will briefly outline the instanton derivation of the β functions along the lines of [4, 6, 19, 27] . In particular, we will use the nonrenormalization theorem for the second and higher loops in the instanton background. Only zero modes and the one-loop contribution have to be considered. All parameters that will appear in the derivation below are those from the bare Lagrangian.
To warm up let us briefly review the instanton calculation in [27] . Consider the instanton measure in four-dimensional N = 1 Yang-Mills theory with the SU(N) gauge group. In the quasiclassical approximation the renormalization group invariant (RGI) prefactor in the instanton measure is
The factor in the exponent is the classical instanton action, while the pre-exponential factor comes from the zero modes. There are n B = 4N bosonic zero modes and n F = 2N fermion ones to produce
In terms of perturbation theory Eq. (4.1) gives us the one-loop running of the holomorphic coupling. What happens in higher loops?
The only change (to all orders in the coupling constant) is the emergence of another pre-exponential factor g n F /g n B = 1/g 2N , due to normalization of the zero modes, namely,
Simultaneously, 1/[g 2 ] in the exponent becomes nonholomorphic. The combination (4.2) of M uv and [g 2 ](M uv ) is renormalization group invariant. Differentiating over log M uv we arrive at the NSVZ β function for SU(N). Generalization to an arbitrary gauge group G is just a substitution of N in expressions above by the dual Coxeter number T G .
If matter fields are added, the only further changes in µ exact inst are as follows: (i) the power of M uv is changed appropriately and (ii) Z −1/2 factor appears in the preexponent for each matter-sector fermion zero mode. The number of such fermion zero modes is given by 2T (R). where T (R) is the Dynkin index of representation R. In this way one obtains the full exact NSVZ β function,
Now, let us see how the same strategy can be implemented in the κ deformed CP(N−1) sigma model under consideration. Let us start first with the nondeformed (2,2) case. At the classical level the instanton-generated exponent is
see e.g. [31] . At the one-loop level (and at higher loops as well) nonzero modes cancel out. In the CP(N − 1) model there are n B = 2N bosonic zero modes and n F = 2N fermion zero modes, This produces the M n B /M n F /2 = M N pre-exponential factor. As for normalization of the zero modes the corresponding factors cancel out between bosonic and fermion modes, g n B /g n F = 1. Thus, we come to
which leads to the one-loop exact β function and unbroken holomorphicity in the (2,2) theory. Now let us switch on the κ modification. As we discussed in Sec. 2.3 the holomorphicity is broken in perturbation theory already in the order |κ| 2 . Here comes a surprise: such breaking does not occur in the instanton background ! Indeed, the κ terms in the Lagrangian (2.11) has the form
the product of these two terms enters in the fermion loop calculation. After Euclidean continuation the instanton (or anti-instanton) background leads to vanishing either ∂ L φ †j or ∂ L φ i . Therefore, the |κ| 2 iteration is not possible. It means that holomorphicity is not broken in one loop for the instanton, and the instanton action stays 4π/g 2 with the original 1/g 2 . In terms of the running 1/[g 2 ] and [ρ] it means that the combination (2.33) enters into the instanton exponent,
Moreover, in the instanton background the only effect of an additional right-mover ζ R is its admixture to ψ R . This triangle mixing does not change the eigenvlues so the cancellation of nonzero modes stays the same as in the (2,2) case. Also, the counting of the zero modes does not change. What appears in the pre-exponential factor is an additional Z −1/2 factor for each zero mode of ψ R because of its normalization [33] . There are N such modes so we arrive at the following exact expression for the measure:
The Z factor is defined in (2.9), see the first term in the second line. All effects due to two loops and higher, associated with nonzero modes, cancel [4, 6] much in the same way as in the (2,2) case.
Equation (4.8) implies
where we substitute N by the Coxeter index to consider a generic Kähler manifold G/H. Differentiating over log M uv and using Eqs. (3.4) and (3.6) for β ρ we arrive at the full exact β function (1.5), relating β g to the anomalous dimensions, much in the same way as the NSVZ formula.
Combining the full β function in (1.5) with Eqs. (3.5) and (3.6) we derive the "secondary" β functions, In this section we will use the superfield method to calculate two-loop beta function for g 2 for the heterotic model at any symmetric Kähler target space. We will use a linear background field method, setting the background field A bk = f e −ix·k (see the review paper [31] ). The basic method is roughly the same as that of component field. We expand the action around the chosen background, and calculate all relevant diagrams. To maintain supersymmetry, we use supersymmetric dimensional reduction, which in turn reduces to dimensional regularization in our case. Note that since we are only interested in the renormalization of the canonical coupling, this is compatible. Also we will keep the vector current of the theory conserved. Due to the computational nature, it would not be beneficial to show all steps in detail here. Instead, we will offer some intuitive arguments for the reader to understand our results. For a detailed description of the calculational method and examples, the reader is referred to [32] .
To keep our discussion concise, we will only show those Feynman diagrams that are of the leading order with respect to target space curvature (i.e. assuming φ and φ † to be small).
At two-loop level, the correction of the order g 4 is obviously absent, as predicted by the undeformed model. For the correction of the order g 2 h 2 and h 4 , the relevant diagrams are those shown in Fig. 2 Now it is rather straightforward to show that these diagrams, together with the Hermitian conjugated part, give rise to the following expression:
For a more accurate definition of I in (5.2) in terms of a dimensionally regularized loop integral see Refs. [5, 32] . The first line in (5.1) contains the one-loop contributions and the second one is the result for two-loop diagrams. From (5.1) we get the two-loop β function, 
Anomalous dimensions at two loops
Now we turn to the calculation of the β function of the deformation coupling h. To this end we will have to understand anomalous dimensions of the fermionic fields ψ R and ζ R first. At one-loop level they are given in Eq. (3.7), see Fig. 3 for the corresponding diagrams. At two-loop level we know that at the order g 4 there is no correction. At the orders g 2 h 2 and h 4 we have the diagrams (in superfields) shown in Fig. 4 and Fig. 5 that contribute to γ ζ and γ ψ R , respectively.
The renormalization of ζ R is easier to understand as Z is obtained by evaluating all diagrams in Fig. 4 . Assembling them all we have The two-loop anomalous dimension γ ζ then can be written as
The second factor in the rhs (the square brackets) just shifts h 2 0 to h 2 (µ) in accord with the one-loop β h given in Eq. (3.8). Thus, we get
In the case of the wave-function renormalization of ψ R it should be noted that the diagrams shown in Fig. 5 in fact do not directly contribute to Z, but, rather, to Z/g 2 . Therefore, we have
Using Eq. (5.2) for 1/g 2 we get for Z,
It leads to the following two-loop anomalous dimension of ψ R ,
Again, the factor in the square brackets containing I just shifts h
Beta functions and fixed point in ρ
Knowledge of two-loop anomalous dimensions means that we know β g at three-loop level. The explicit expression for β
follows from substitution of the anomalous dimensions (5.6) and (5.10) into the master formula (1.5),
For β h and β ρ we get the two-loop expressions,
The expression for β ρ differs from the one-loop expression (3.7) only by a factor, so the fixed point ρ c = T G /2(d + 1) stays intact. Certainly, it would be interesting to find a geometrical interpretation of this fixed point but we do not have an answer for this yet. At this point
differ only by a factor 1/(1 − (h 2 /4π)) from the corresponding one-loop results.
Isometries of the model
In this section we study the isometries of the heterotic models and, in particular, address the question of whether they could be broken by loop corrections. For generic sigma model there are the following symmetry transformations of bosonic fields φ i , φ †j living on the Kähler target space:
where the vector V i A is the Killing vector over the target manifold, ǫ A are real infinitesimal parameters, and the index A labels isometries. Note that in the Kähler cases, the Killing vector V A has only holomorphic dependence on the bosonic field φ.
We are dealing with symmetric homogeneous spaces G/H . Correspondingly, isometries arising from the algebra of H are realized linearly, while the remaining generators in the algebra of the group G are realized nonlinearly, these symmetries are spontaneously broken. For example, in CP(N −1) = SU(N)/S(U(N −1) × U(1)), we have (N − 1)
2 linear symmetries corresponding to U(N − 1) rotations of fields φ i , φ †j . The remaining 2N − 2 symmetries are nonlinearly realized. They can be written as
where the indices of charts {φ i , φ †j } locally are raised or lowered by δ ij or δ ij . One can supersymmetrize the above model, and write down the general form in the N = (2, 2) case. It can be done in terms of superfields by simply promoting φ i and φ †j to chiral and antichiral superfields. In components, the fermions ψ i living on tangent space of CP(N −1) transform as tensors corresponding to isometries
Turning on heterotic deformation does not change the isometries, the additional fermion field ζ R is a singlet of the group G action. These symmetries can be verified classically in the geometric formulation of the Lagrangian (2.17), as long as the curvature H ikj satisfies:
where L A is the Lie derivative with respect to the Ath isometry. In the heterotic case, the only nontrivial components of H ikj are proportional to the metric G ij , see Eq. (2.18). It apparently satisfies the above condition. However, the heterotic coupling leads to a change in the expression for the isometry current J A R as compared with the (2,2) model,
while J A L does not change. The question to ask is whether or not the deformation under consideration would deform the classical geometry, since now the chiral fermion ζ R enters these currents. To answer this, we need to see if these isometric currents have anomalies. It could be verified either by calculating anomalies of these currents or by checking the isometry transformations of the effective action after the one-loop correction. We will proceed along the second route because it is easier and more transparent to demonstrate the isometry invariance in the effective action.
Moreover, even in case when isometry currents happened to be anomalous it does not imply breaking of isometries, anomaly could be a total derivative and does not lead to nonconservation for corresponding generators, at least, in perturbation theory. For this reason examination of the effective action is preferable.
It is worth noting that, if there is any anomaly, it happens due to the fermionic loops. Therefore, we can choose nonzero only bosonic background, and consider the fermion loop corrections to the effective action. Up to one-loop order, keeping terms bilinear in fermionic fields is sufficient. As a result the relevant part of Lagrangian takes the form
where all bosonic fields are background, while fermionic fields are to be integrated out. We also introduced here regularization for the ζ R field by introducing higher derivatives. This regularization which makes loops with ζ R convergent is clearly consistent with isometries. It proves then that the heterotic modification of the (2,2) theory does not break any (2,2) isometry. Our explicit one-loop calculation in Appendix B confirms this. In addition, we also present here geometry of the target space introducing vielbeins e a i andēb j to factorize the metric tensor G ij and make sure our effective action preserves explicit geometric structure. Since the fermion fields naturally live on the tangent space, we also redefine the fermions ψ to transform the Lagrangian to the canonical form,
where the tensor indices {i,j} of vielbein are lowered or raised by the metric G ij and Gj i , and the frame indices {a,b} by the flat metric δb a and δ ab . After these redefinitions the Lagrangian can be rewritten as
Moreover, Ω a R,Lb andē La are pull-back spin-connection on the frame bundle and vielbeins, respectively. We express the fermion kinetic term canonically, and the isometries are realized in terms of the frame bundle indices {a,b} rather than {i,j}.
Next we find the isometry transformations on fermions, vielbeins and spin-connection. It is actually clear how the transformation must look like. Geometrically, once we perform the isometry transformation, there will be effectively an induced rotation on the frame bundle. Now fermions and vielbeins are matter type fields, while spin-connections are gauge fields with respect to U(N −1) gauge symmetries. Therefore, the general form of isometry transformation is
The explicit expression of v a A c can be found from Eqs. (6.2) and (6.3), once the vielbeins are given. However, the explicit form of v a c is not significant, Eq. (6.9) is all we need. Now, when isometries of the Lagrangian are verified and regularization provides convergence of fermion loop integration we can claim that all original target space isometries are preserved under the heterotic modification. Furthermore the transformation rule of isometries, Eq. (6.9), is a special case of general holonomy transformations on a frame bundle. Therefore the heterotic model is free of holonomy anomaly as well. At last we want to emphasize that we can always introduce appropriate regulators without breaking target space isometries, higher derivative for example, so long as the chiral fermion ζ R couples to an isometry-invariant term, see Eq. (6.6). It is essentially different from the situation that chiral fermions couple to gauge fields or spin-connections where gauge symmetries or target space symmetries can be only preserved conditionally [23, 35] .
Supercurrent multiplet
In this section we analyze the hypercurrent, a superfield which contains supercurrent and energy-momentum tensor among its components. For undeformed N = (2, 2) theories the hypercurrent and its quantum anomalies were studied in Ref. [34] . This study includes, in particular, the anomaly in the central charge which does not enter the N = (0, 2) algebra. The general formulation in case of N = (0, 2) theories was given in Ref. [18] , see also the earlier references [36] and related considerations [37] . We present an explicit superfield form for the hypercurrent and all anomalies in the heterotic models under consideration.
Hypercurrent in the undeformed N = (2, 2) theory
Let us start with the definition of the hypercurrent T µ in the undeformed N = (2, 2) theory. The hypercurrent is the supermultiplet containing a supersymmetry current s µα and an energy-momentum tensor ϑ µν ,
Here θ is the spinor θ = (
is the fermionic R current. Introducing spinor indices, T αβ = (γ 0 γ µ ) αβ T µ we can write the classical hypercurrent in terms of the N = (2, 2) chiral superfields Φ i (x, θ),
where D α ,D β are conventional spinor derivatives and the metric G is a function of superfields Φ i , Φ †j . Actually, only components T 11 and T 22 , presenting nonzero Lorentz spin, are associated with the hypercurrent T µ , the scalar
† represents the twisted chiral integrand in the superspace action.
The anomaly equations for the hypercurrent derived in [34] are of the form:
In terms of classification of Ref. [18] it is the R V multiplet, ∂ 11 T 22 + ∂ 22 T 11 = 0.
Hypercurrent in the heterotic N = (0, 2) theory
As shown in Eq. (2.3) transition to diminished N = (0, 2) supersymmetry decomposes the N = (2, 2) superfield Φ as 4) where the N = (0, 2) superfields, introduced in Eq. (2.1) and (2.2), depend on θ 2 = θ R . Correspondingly, the hypercurrent T µ decomposes into two N = (0, 2) supermultiplets,
These supermultiplets introduced in Ref. [18] have the following general structure,
It is clear that the heterotic deformation does not change the expression for J L but modifies T RR supermultiplet where the lowest superfield component represents the ϑ RR component of energy-momentum tensor. Namely, the expression for T RR in Eq. (7.5) is modified to
5 There is a misprint in [34] : the quantum anomalies of the hypercurrent should be multiplied by the overall factor (−1/2) .
6 Our notations differ: J L and T RR are the same as S ++ and T −−−− in [18] .
Quantum anomalies for J L and T RR according to [18] have the following general form: 8) where W represents the supermultiplets of anomalies,
At the one-loop level in the heterotically modified models W is the N= (0, 2) chiral superfield of the following form, 
where all right-moving fermions are included in B i (see Sec. 2.2 for details). Following Eqs. (2.10) and (3.10) it is simple to verify that the superfield W, which represents the supermultiplets of anomalies, coincides with the one-loop running of the superfield F associated with the Lagrangian by Eq. (2.10),
What about higher-loop corrections? They will show up as higher loops in the anomalous dimensions. It means that Eq. (7.10) is modified to
Analog of the Konishi anomaly and beta function
Here we will discuss a relation between the hypercurrent anomalies and beta functions. It is an example of another analog to 4D gauge theories. We mentioned above that the supermultiplet of anomalies W is given by differentiation of the effective Lagrangian with respect to log M uv . Let us have a closer look at how it works for β g . At the one-loop level the running of the metric dG ij /dL = R ij /2π is given by the Ricci tensor, see Eq. (3.10). In W (see Eq. (7.13)) it is represented by the term with the A superfields. The terms with the B fields contribute to the higher loops. We can simplify these terms using equations of motion plus possible anomalies. Using the equation of motion we get
There is also an anomalous part due to loops in the background of the A field, namely,
This part is a clear-cut analog of the Konishi anomaly in 4D [28] . Using both, classical equations (7.14) and the anomalous one (7.15), as well as R ij = (T G g 2 /2)G ij , we come from W of Eq. (7.13) to
In the background of the A field the integrating out right-moving fermions in the operator G ij DA †j B i B involves the same polarization operator Π RR as in Sec. 2.3, see (2.23) and Appendix B, and results in
Thus, we get
In the above calculations we limit ourselves by one loop (besides higher loops in the anomalous dimensions γ ψ R , γ ζ ). To see that the higher loops are needed it is sufficient to go to the (2,2) case when h = 0 . In this limit γ ψ R = γ ζ = 0 but the the factor 1−(T G g 2 /8π) remains in (7.18) . It should cancel out eventually for a pure bosonic field background. Technically it happens in the following way. Accounting for the left-moving fermion anomaly in ∂ R R ij DA †j DA i ) which cancels in the (2,2) case the one from right-movers leads to a geometrical progression which turns the factor 1−(T G g 2 /8π) into 1/(1+(T G g 2 /8π)). Then, in the bosonic background this factor will be eaten up by integrating out left-moving fermions.
At nonvanishing h one more geometrical progression is generated by the factor 1+(h 2 /4π) which multiplies T G g 2 in (7.18). It is simple to understand this as just a summation of a chain of insertions of polarization operator Π RR into a bosonic propagator. Thus, the multiloop expression for W A becomes
The second factor in this expression is just (−β g /2g 2 ) which gives the same β g as in Eq. (1.5). The normalzation follows from the one loop. The factor 1/(1 + (T G g 2 /8π)) will go away in the bosonic background as it was explained above.
Conclusion
In this paper, we analyzed various quantum effects in the N = (0, 2) deformed (2,2) two-dimensional sigma models. The target spaces we considered generalize CP(N−1) to the Kähler spaces which are homogeneous spaces G/H. The N = (0, 2) deformation thoroughly studied in this paper is called a nonminimal model.
We showed that quantum effects will not deform geometry. Unlike other (0,2) models there is no problem of internal anomalies when the heterotic modification is introduced the way we follow. Another phenomenon closely related to isometries is integrability. One could ask whether the Lax relation holds, which would make these classes of models integrable, as in their undeformed cousins.
The models we studied are characterized by two independent coupling constants. We analyzed them in perturbation theory. A crucial role belongs to the graph depicted in Fig. 1 which is associated with the anomaly in the current that mixes the right-moving fermions. It is also anomalous in the sense that it produces a nonholomorphic contribution proportional to |κ| 2 to the renormalization of 1/g 2 at one loop. This effect then penetrates into higher orders.
Using nonrenormalization theorems [4] , analogous to those in [19, 27] in fourdimensional Yang-Mills, we derived a number of (perturbatively) exact relations between the β functions and the anomalous dimensions of the fields B and B. Then we calculated the anomalous dimensions up to (and including) two loops thus obtaining explicit β functions up to three loops.
Then we studied the relation between the perturbative β functions and the general hypercurrent analysis of Dumitrescu and Seiberg [18] . We found how the general structure of [18] is implemented in the nonminimal models under consideration. We demonstrated that the hypercurrent analysis leads to an alternative way for the β-function calculation provided that the two-dimensional analogs of the Konishi anomaly are taken into account.
Recently the N = (0, 2) models attracted attention in connection with developments in the studies of surface operators in four dimensions (see, e.g., [38] ). In the nonminimal models the protected quantities, i.e., the chiral ring, are preserved under the (0,2) deformation. It is interesting to pursue the calculation beyond the chiral sector exploring the nonchiral sector of the world sheet theory as a part of a 4D-2D coupled system. We hope that the results presented here can enlighten the very first step in pursuing such a goal.
Two-dimensional asymptotically free sigma models are long known to be excellent laboratories for modeling four-dimensional Yang-Mills theories. It was 40 years ago that A. Polyakov emphasized (in Ref. [39] ) that asymptotically free two-dimensional sigma models could be the best laboratory for the four-dimensional Yang-Mills theories. His anticipation seems to be materializing. The nonminimal (0,2) sigma model discussed in this paper presents a close parallel to N = 1 super-Yang-Mills theory with matter in four dimensions (see also [6] ).
Appendix A: Notation
We define the left-moving and right-moving derivatives as
Correspondingly, the light-cone coordinates are
We use the following definition for the superderivatives:
Their anticommutator gives {D L , D L } = 2i∂ LL .
In the bulk of the paper we do not use θ L and D R . Hence we can omit the indices in (A.3),
We will consistently use the notation (A.4). Our normalization of the Berezin integral is dθ θ = 1 , (A Substituting this into Eq. (B.1) we come to the result (2.27) for ∆ κ L . The expression for Π ij RR (k) is related to anomaly in the polarization operator. The way we derived it could be called infrared, the p integration was contributed dominantly by p ∼ k. The ultraviolet derivation follows from
Integration here is dominated by p ∼ M and gives for k ≪ M, 
